We calculate the magnetic susceptibility and g-factor of the isolated C − 60 ion at zero temperature, with a proper treatment of the dynamical Jahn-Teller effect, and of the associated orbital angular momentum, Ham-reduced gyromagnetic ratio, and molecular spin-orbit coupling. A number of surprises emerge. First, the predicted molecular spin-orbit splitting is two orders of magnitude smaller than in the bare carbon atom, due to the large radius of curvature of the molecule. Second, this reduced spin-orbit splitting is comparable to Zeeman energies, for instance, in X-band EPR at 3.39KGauss, and a field dependence of the g-factor is predicted. Third, the orbital gyromagnetic factor is strongly reduced by vibron coupling, and so therefore are the effective weak-field gfactors of all low-lying states. In particular, the ground state doublet of C − 60 is predicted to show a negative g-factor of ∼ −0.1. * Email: tosatti@sissa.it † Email: manini@esrf.fr ‡ Email: gunnar@radix3.mpi-stuttgart.mpg.de 1
I. INTRODUCTION
A neutral, isolated fullerene molecule is an eminently stable and symmetrical system. The fullerene ions (either negative or positive) along with the electronically excited neutral molecule, particularly the long-lived triplet exciton, undergo instead Jahn-Teller (JT) distortions. The negative ion and the triplet exciton, respectively with t 1u and t 1g symmetry, will distort according to a linear combination of the eight H g molecular modes. The JT distortion of the positive ion, with h u symmetry, involves also the six G g modes in addition to the eight H g ones. Although accurate numerical values of all couplings are not yet available in all cases, the static JT energy gains are believed to be roughly in the order of 0.1eV. This value is comparable with the typical vibrational frequency, and the coupling is generally of intermediate strength. Several descriptions of the static JT effect in fullerene ions can be found in the literature.
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As pointed out more recently, however, a static JT description, where the pseudorotational motion of the carbon nuclei is treated classically, and then quantized separately in the Born-Oppenheimer approximation is, at least in the isolated molecule, and at zero temperature fundamentally inadequate. In other words, the fullerene ions are expected to be genuine dynamical Jahn-Teller (DJT) systems, where different but equivalent distorted configurations, (forming the usual static JT manifold 5 ), are not independent of one another, but are in fact connected by nonzero transition amplitudes 6 . This in turn requires giving up Born-Oppenheimer, and fully quantizing electronic and ionic motions together, which is the essence of DJT.
The physical understanding of DJT in C 60 ions is greatly eased by initially assuming the strong-coupling limit. In this limit, as it turns out, a modified Born-Oppenheimer approximation can again be recovered, provided a suitable gauge field, reflecting the electronic
Berry phase, 7 is added to the nuclear motion. This situation, discussed originally for the triatomic molecule, 8 and subsequently for other JT systems 9 has been recently the object of a close scrutiny in fullerene, especially in the negative ions [10] [11] [12] and, to a lesser degree, in the positive ion. 13 It is found in particular that, if treated in the strong-coupling limit, the odd-charged fullerene ions, in particular the singly-charged C 
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For these and other reasons it seems important to understand completely and quantitatively the DJT effect of single fullerene ions, experimentally as well as theoretically. To this date, however, and in spite of a large amount of data collected on fullerene and especially on fulleride systems, there is still frustratingly little direct evidence that the JT effect in fullerene ions is, to start with, really dynamical, as theory predicts.
In the solid state, for example, Raman data on metallic fullerides such as K 3 C 60 24 fail to show the characteristic vibron splittings expected for the isolated C We therefore wish to consider here other properties of the fullerene ions, among those crucially affected by the DJT effect, which could at least in principle be accessed either in gas-phase, or in ideally inert matrices, or in suitable salts with especially small crystalfield effects. One such quantity is precisely the molecular magnetic moment. The magnetic moment of a static JT molecule is strictly the spin moment. The orbital degeneracy is removed, so long as static-JT energies are, as in the case of C 60 , sufficiently large. The magnetic moment in a dynamic-JT molecule, conversely, is a compound of spin and orbital moments, since here the quantum effects fully restore the original orbital symmetry. 17 The calculation of the magnetic moment and effective g-factor of fullerene ions in their DJT ground state is precisely the subject of this work.
Let us consider for a start the orbital magnetic moment of a molecule. Qualitatively speaking, the proportionality factor between magnetic moment and the mechanical angular momentum can be thought as some effective Bohr magneton eh/2m * , where m * is the mass of the orbiting electron (e is the electron charge and S.I. units are used throughout). In an atom, m * = m e , the free electron mass. In a DJT molecule, however, orbital electron motion involves nuclear motion as well, since electronic and vibrational modes are entangled. Therefore, we expect m * > m e , with a corresponding reduction of the orbital magnetic moment. This is a classic example of the so-called "Ham reduction factor", 29 well-known in DJT systems. 30 The consequence of orbital reduction is that, while the quantum of mechanical angular momentum is of course universal and equal toh, that of the magnetic moment for a DJT molecule is not universal.
Below, we will calculate quantitatively the orbital magnetic moment for C − 60 . Moreover, since the orbital moment is not easily accessible experimentally, while the total magnetic moment is commonly measured, spin-orbit coupling will have to be introduced, to determine the correct composition of the (DJT-reduced) orbital moment, and of the spin moment. The spin-orbit coupling within the t 1u orbital of C 60 is quantitatively unknown. Here we calculate it, and find some surprises. First, the calculated molecular spin-orbit splitting is very small, roughly one hundredth than in the bare carbon atom. This is related to the larger radius of curvature of the molecular orbit. Second, this reduced spin-orbit splitting is now wholly comparable to typical Zeeman energies, for instance,in X-band EPR at 0.339T. Hence, a field dependence of the low-temperature susceptibility and of apparent g-factors is predicted, at least in an idealized gas-phase EPR experiment. Third, we find that the orbital gyromagnetic factor is strongly reduced by vibron coupling, and so therefore are the effective weak-field g-factors for all the low-lying states. The ground state g-factor, in particular, is predicted to be slightly negative, about -0.1.
II. THE MODEL
The basic model Hamiltonian we consider has the following standard structure:
The JT part H 0 + H e−v has been introduced and discussed in previous papers. 10, 11, 18 We report here the basic version for the coupling to a single H g vibrational (quadrupolar) mode: Orbital currents are associated with the partly filled t 1u level, which is known to derive essentially from a superatomic L = 5 orbital of C 60 as a whole. 31, 32 These orbital currents
give rise to a magnetic moment, which we now wish to calculate.
Electron spin also contributes to the total magnetic moment. Although uninfluenced by JT coupling (the Hamiltonian (2) conserves spin), spin is coupled to the orbital motion
The general Hamiltonian finally includes Zeeman coupling to an external magnetic field B along the z axis
where µ B = eh/2m. For generic g L and g S factors, the appropriate value for the g J factor of the spin-orbit coupled state (
, and g S = 2.0023 as appropriate for a free spin. Thus, in order to obtain the g J factors of the individual spin-orbit split states J = 
The tabulated wave functions which transform as t 1u are:
6 which can be normalized to obtain
On the {ψ M } M =−1,0,1 basis of t 1u , the orbital Zeeman coupling with the external magnetic field is diagonal:
This formula implicitly defines an effective orbital g 1 factor 
It is clear that the enhancement is due to the |M| = 4 component in the the t 1u wave function, which is really L = 5, but is regarded formally as an effective L = 1 state.
Reference 32 also provides the explicit spherical parentage of the LUMO orbital, now in a solid-state environment. By computing the spectrum of L z on the basis provided in that work, we obtain a somewhat smaller value for α, namely 1.86. However, for gas-phase C − 60 the group-theoretical value for a strictly L = 5 parentage, α = 2.5, is probably more accurate.
We now concentrate on the second effect, namely that of the coupling of the elec- 
while off diagonal terms ∆ 
By substituting the Clebsch-Gordan coefficients, and carrying out the sum over m, for each fixed value of M, we get
The weak-field B-expansion, is done here under the customary assumption that the magnetic energy is the smallest energy scale in the problem (we will return to this point later, however).
The final result for the energy to first order in B of the three t 1u -derived levels is finally
The result of e-v coupling is a reduction of both zero-point energy (− 5 4 g 2h ω), and magnetic moment. By identification we obtain
the desired perturbative result for the reduction of the g 1 -factor due to weak coupling to an H g mode. The factor Ham reduction factor 33 of this DJT problem, correctly coincident with that obtained for a general vector observable by Bersuker and Polinger. 35 As anticipated, the reduction factor reflects the increased "effective mass" of the t 1u electron, as it carries along some ionic mass while orbiting.
However, the coupling in C 60 is not really weak, and perturbation theory is essentially only of qualitative value. For quantitative accuracy, we can instead solve the problem by numerical (Lanczos) diagonalization, 10,18,14 which is feasible up to realistically large coupling strengths. On a basis of states
(where |0 > is the state with no vibrons and no electrons), truncated to include up to some maximum number N of vibrons, (N must be larger for larger coupling) we diagonalize the Hamiltonian operator (1), and take the numerical derivative of the ground-state energy with respect to the magnetic field B. Again, we consider here only the orbital part, and ignore spin for the time being. In Fig. 1 we plot the resulting reduction of g 1 -factor as a function of g 2 for a single H g mode. The initial slope at g = 0 coincides correctly with − 15 8
, while at larger coupling, the behavior is compatible with the expected Huang-Rhys-type decrease,
We now repeat the same diagonalization including all the eight H g vibrons with their realistic couplings, as extracted by fitting gas-phase photoemission spectra of C 
With this orbital g L -factor, we can now move on to compute the overall g J -factor in a realistic situation, where however spin-orbit must be included.
III. SPIN-ORBIT COUPLING IN THE T 1U LUMO, AND RESULTS
The magnitude of the spin-orbit coupling λ in the t 1u state of C 60 is not known. We estimate it by using straightforward tight-binding, as follows. Starting from 2s and 2p x , 2p y , 2p z orbitals for each C atom, and including spin degeneracy, we diagonalize the 480x480 firstneighbor hopping Hamiltonian matrix to obtain all the molecular orbitals. Spin-orbit in this scheme is obtained by adding to the hopping Hamiltonian a local coupling on each individual carbon in the form
The level splitting introduced by this term defines the precise value of spin-orbit coupling for each molecular orbital. We are dealing with π-states, which are unaffected by spin-orbit in a planar case, such as in graphite. However, in fullerene, due to curvature, there will be an effect. In particular the splitting between the LUMO states 2 t 1u 1 2 and 2 t 1u 3
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gives the spin-orbit coupling for the LUMO. Our calculation yields λ = 0.9 · 10 −2 λ at for the t 1u state of C 60 when all bonds are assumed to have equal lengths, slightly increasing to
when bond alternation is included. Since λ at =< 2p z |L · S| 2p x >≃ 13.5 cm −1 , 37 we conclude that the effective spin-orbit splitting of a t 1u electron in C − 60 is of the order of 0.16 cm
19µeV . This value is exceedingly small, due both to the small value of λ in carbon, a low-Z element, and (mainly) to the large curvature radius of C 60 . For relatively large radius R, as appropriate to fullerenes and nanotubes, one can expect a small spin-orbit effect in π-states, of order λ ∼ 1/R 2 , the lowest power of curvature which is independent of its sign.
The π-electron radius of C 60 , R ∼ 5Å, is one order of magnitude larger than in the carbon atom, correctly suggesting a reduction of two orders of magnitude from the atom to C 60 .
Larger splittings of 30-50cm −1 observed in luminescence spectra had earlier been attributed to spin-orbit. 38 These values are incompatible with our estimate, and we conclude that these splittings must be of different origin, unless an enhancement of two orders of magnitude over the gas phase could somehow arise due to the host matrix.
We can now include this spin-orbit coupling in the calculation of the full g-factor. A strong-spin-orbit approach 39 λ ≫ E JT , relevant for some JT transition impurities, is not useful here, since clearly λ ≪ E JT ≈ 140meV 18,14 ∼hω. In this case, the purely orbital description of the Berry phase DJT of Refs. 10,11 provides the correct gross features, to which spin-orbit adds small splittings. These splittings are controlled by the g J factors of Eq. (4).
In our t 1u H g case, an effective " L = 1" ground state is turned, for positive λ, into a "J = " ground-state doublet and a "J = " excited quartet. If we assume the usual weak-field limit µ B B ≪ λ, we can recast Eq. (4) in the form
and
According to these linear formulae, the orbital reduction factor g 1 (Fig. 1) is easily deformed on the vertical axis to give g J . Since g L decreases from 1 to 0 for increasing JT coupling, we see that while g = 0.95 .
IV. INTERMEDIATE FIELD
We have just obtained in Sect. III a slightly negative value for the g-factor of the "J = For ease of comparison in Fig. 2 we report the full spectrum of the Zeeman-and spinorbit-split low-energy states, calculated under the assumption that µ B B ≪ E JT , but for general spin-orbit strength, and increasing magnetic field. Here, arrows indicate the symmetry-allowed microwave absorption transitions, matching an arbitrary excitation frequency 9.5GHz. EPR-like lines should ideally appear at the corresponding values of the field. Of the seven lines expected, two correspond to (apparent) g-factors vastly larger than 2, and five to g-factors vastly smaller than 2. These g-factors are only apparent, since they depend on the field (since it is not weak), and through it on the frequency chosen. As the figure indicates, the weak-field limit for C − 60 should only really be achieved with fields in the order of a few hundred Gauss.
V. DISCUSSION AND CONCLUSIONS
Three main predictions result from the present calculation. First, that the molecular spin-orbit splitting is very small, a fraction of a degree Kelvin. Second, the reduced spin-orbit splitting is now wholly comparable to typical Zeeman energies, for fields of a few KGauss.
Hence, a strong and uncommon field-dependence of the g-factors is predicted. Third, we find that the orbital gyromagnetic factor is strongly reduced by vibron coupling, and so therefore are the effective weak-field g-factors for all the low-lying states. In particular, the isolated C Stern-Gerlach-like measurements of magnetic moment in gas-phase C − 60 , or other similar experiments, are therefore called for to provide a definitive confirmation of the striking quantum orbital effects described in this paper. Since to our knowledge this would be new,
we feel that such experiments should be considered, even if very difficult to carry out. 
